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Abstract

We find the size of the largest union of two or three chains in the
Tamari lattice.

1 Introduction

The Tamari lattice Tn is defined as the set of all binary bracketings on n +
1 symbols ordered by applying the associativity rule in one direction, i.e.
(ab)c < a(bc). For the products x0x1 · · ·xn, applying transformations of
that form gives us larger elements. In paticular, ((· · · (x0x1)x2) · · ·xn) is
minimal and (x0(x1(· · · (xn−1xn))) · · ·) is maximal. We can take the ordered
n-tuple (v1, . . . , vn) of integers from 1 to n, inclusive, where the opening
bracket before xi closes after xvi

. In particular, (1, 2, . . . , n) is minimal and
(n, n, . . . , n) is maximal. In fact, Tn is the set of these n-tuples that satisfy i ≤
vi for all i, and i ≤ j ≤ vi implies vj ≤ vi for all i, ordered by componentwise
comparison [8].

The number of elements in Tn is the Catalan number Cn = 1
n+1

(
2n
n

)
. Tn

is self-dual, and has many other interesting properties [1–3, 5, 8, 9].

But wait, there’s more. Let a = (a1, a2, . . . , an) and b = (b1, b2, . . . , bn),
then b covers a in Tn iff there exists j such that ai = bi for all i �= j, aj < bj ,
and bj = bk = ak where k = aj + 1 [9].

∗This material is based upon work supported under a National Science Foundation
Graduate Research Fellowship.
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Given any poset P , there exists a partition λ(P ) such that the sum of the
first k parts of λ is the maximal number of elements in a union of k chains
in P . In fact, the conjugate of λ has the same property with chains replaced
by antichains [4, 6, 7]. Let λk(P ) denote the kth part of this partition.

It is not difficult to see that λ1(Tn) = n(n−1)
2

+ 1 [9]. A chain of maximal
length is one where each cover comes from just increasing one part by 1.

Our main results are the following theorems.

Theorem 1. For n > 5, λ2(Tn) = λ1(Tn) − 4.

Theorem 2. For n > 6, λ3(Tn) = λ2(Tn) − 2.

The proof of each theorem is by explicit construction of disjoint chains of
lengths λ1(Tn), λ2(Tn), and λ3(Tn) as needed. To prove that we can’t do any
better, we show that Tn can be decomposed into antichains of appropriate
sizes.

While Tn is not ranked for n > 2, we can extract the subposet Un of
elements that appear in chains of maximal length, as shown in Figure 1. It
seems likely that Un is graded, but for our purposes it will suffice to use a
weaker statement, namely: for µ ∈ Un, define r(µ) to be the length of the
longest chain from (1, 2, . . . , n) to µ; then µ �= (1, 2, . . . , n), (n, n, . . . , n) is
covered by an element ν such that r(ν) = r(µ) + 1 and covers an element η
such that r(η) = r(µ) − 1. In other words, every element of Un is on a fixed
level. Note that the bottom element is level 0, and the levels increase as we
move up. The bulk of the construction of the two or three disjoint chains
will take place in Un.

Lemma 1. The elements of Un are the ordered n-tuples (v1, . . . , vn) ∈ Tn

such that vi+1 − vi ≤ 1 for i = 1, . . . , n − 1.

Proof: If we ever have vi+1 − vi > 1 for some i, then vi will increase by more
then 1 when it is the place that changes in a cover, hence it cannot be on
a chain of maximal length. For the remaining n-tuples, we can get to them
from (1, 2, . . . , n) by increasing the leftmost possible part at all times (i.e.
increment the first part until it reaches v1, then start incrementing v2, etc.).
We then continue along to (n, n, . . . , n) by starting over incrementing the
leftmost possible part.
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Figure 1: T5, with U5 highlighted.

2 Proof of Theorem 1

First we show that there are indeed two disjoint chains that use up n(n −
1)−2 elements. The longer chain will start at (1, 2, . . . , n), and by Lemma 1
must proceed to (2, 2, 3, . . . , n). Since n > 5, for illustrating the chain we
will just write v1v2v3v4v5v6 to denote (v1, v2, v3, v4, v5, v6, 7, . . . , n). Our long
chain starts 123456, 223456, 323456, 423456, 523456, 623456, 633456, 643456,
644456. The chain continues by increasing the rightmost possible part that
keeps us in Un, all the way up to (n, n, . . . , n).

The second chain starts 133456 (not in Un!), 333456, 433456, 533456,
543456, 553456, 653456. The chain continues by increasing the leftmost
possible part (which will always keep us in Un) until we reach (n, n, . . . , n, n−
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2, n − 1, n), and then ends at (n, n, . . . , n, n − 2, n, n). This chain has four
fewer elements than the long one, as desired, and it is not hard to see that
the two chains are disjoint. The key idea here was to take advantage of the
crossing covers highlighted in Figure 2. Note that it would have been easier
to construct two chains of length n(n−1)−2

2
by not having them cross, but it is

interesting to see that we really can get disjoint chains of length λ1(Tn) and
λ2(Tn).
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Figure 2: The poset U6.

To show that this does indeed give us λ2(Tn) = λ1(Tn) − 4, we prove

that Tn can be decomposed into N = λ1(Tn) = n(n−1)
2

+ 1 antichains, four
of which consist of a single element. To this end, we start with the most
obvious decomposition into N antichains.

Draw the Hasse diagram of Tn by starting with (1, 2, . . . , n) at the bot-
tom, as level 0. Now each subsequent level consists of the minimal elements
of what’s left of Tn. It is not hard to see that level i will consist of the
elements of Tn whose components sum to n(n+1)

2
+ i. These levels give us

a decomposition of Tn into N antichains, but unfortunately only the top
two levels ((n, n, . . . , n) and (n, n, . . . , n, n−1, n)) and the bottom level have
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just one element. Note, however, that level 1 of Un consists of only one ele-
ment, namely (2, 2, 3, . . . , n), so everything in Tn −Un can be shifted up one
level in the diagram. This makes level 1 have only one element, but adds
(n, n, . . . , n, n−2, n, n) to level N −1. However, (n, n, . . . , n, n−2, n, n) only
covers (n, n, . . . , n, n−2, n−1, n) (which is in Un) and things that were orig-
inally at least two levels below it ((n, n, . . . , n, n − 2, n − 2, n, n) comes the
closest), so we can safely push it back down one level. Now we have just one
element in each of levels 1, 2, N − 1, and N . Thus any two disjoint chains
in Tn can contain at most 2N − 4 elements, as desired.

3 Proof of Theorem 2

First we show that there are indeed three disjoint chains that use up 3n(n−1)
2

−
8 elements. This time we record just the first seven numbers in each ele-
ment. The longest chain starts 1234567, 2234567, 3234567, 4234567, 5234567,
6234567, 6334567, 6444567, 6544567, 6644567, 6654567. The chain continues
by increasing the rightmost possible part that keeps us in Un, all the way up
to (n, n, . . . , n).

The second chain starts 1334567 (not in Un), 3334567, 4334567, 5334567,
5434567, 5534567, 6534567, 7634567, 7734567, 7744567, 7754567, 7755567.
The chain then continues by increasing the leftmost possible part (so we stay
in Un) that keeps it disjoint from the third chain (defined below), until we
reach (n, . . . , n, n − 2, n − 1, n), and then ends at (n, . . . , n, n − 2, n, n).

The third chain starts 1244567, 2244567, 4244567, then enters Un at
4444567, followed by 5444567, 5544567, 5554567, 6554567, 7554567, 7654567,
7664567, 7764567. The chain then continues by increasing the leftmost possi-
ble part (which will always keep us in Un) until we reach (n, . . . , n, n−3, n−
2, n − 1, n), and then leaves Un to end with (n, . . . , n, n − 3, n − 1, n − 1, n),
(n, . . . , n, n − 3, n, n − 1, n), (n, . . . , n, n − 3, n, n, n).

These chains have the desired lengths by construction. To show that this
does indeed give us λ3(Tn) = λ2(Tn) − 2 = λ1(Tn) − 6, we prove that Tn

can be decomposed into N antichains, six of which together comprise only
eight elements. To this end, we start with the Hasse diagram that we had
at the end of the proof of Theorem 1. Shift everything possible up one more
level. This will leave Un alone, as well as anything that was covered by an
element of Un where the covering just increased one part by 2. The bottom
two levels still have one element each, and level 3 now has two elements,
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namely (3, 2, 3, . . . , n) and (1, 3, 3, . . . , n). Now we have the top three levels
as shown in Figure 3, so we have to move a few things back down again.

n,...,n,n-2,n,n

n,...,n,n-3,n,n,n

n,...,n,n-2,n-2,n,n

n,n,...,n

n,...,n,n-3,n,n-1,nn,...,n,n-4,n,n,n,n n,...,n,n-1,n-1,n

n,...,n,n-1,n
��
��
��
��

�
�
�

�
�
�

�
�
�
�

Figure 3: Top three levels of Tn after second upward shift.

Of course the elements of Un are left alone, so we need to get rid of four
of the elements marked by hollow circles. All we need is to move each of
them down one level, then convince one of the two that remain to go away.
Take a few deep breaths, and here we go...

To push (n, n, . . . , n, n − 4, n, n, n, n) down one level, we have to lower a
chain of elements below it, namely (n, . . . , n, n−4, n, n, n−1, n), (n, . . . , n, n−
4, n, n−1, n−1, n) (n, . . . , n, n−4, n−1, n−1, n−1, n), (n, . . . , n, n−4, n−
1, n−2, n−1, n) (n, . . . , n, n−4, n−2, n−2, n−1, n), and (n, . . . , n, n−4, n−
3, n−2, n−1, n). We also have to throw in (n, . . . , n, n−4, n, n−2, n−1, n).
Each of these only covers other elements that are either in Un (and hence
more than one level down after shifting) or were more than one level down
in the first place, so it is safe to move all of these elements down one level.

The elements (n, . . . , n, n − 2, n, n) and (n, . . . , n, n − 2, n − 2, n, n) go
down with much less of a fight, they only take (n, . . . , n, n − 3, n − 2, n, n)
with them. For (n, . . . , n, n − 3, n, n, n) and (n, . . . , n, n − 3, n, n − 1, n),
we also have to move the chain of elements (n, . . . , n, n − 3, n − 1, n − 1, n),
(n, . . . , n, n−1, n−3, n−1, n−1, n), (n, . . . , n, n−1, n−1, n−3, n−1, n−1, n),
. . ., (n − 1, . . . , n − 1, n − 3, n − 1, n − 1, n). It is easy to check that all of
these only cover other elements that are in Un or were originally more than
one level down, so moving this chain down works.

We’re almost there. (n, . . . , n, n − 2, n, n) can’t move down any further,
since it covers (n, . . . , n, n − 2, n − 1, n) ∈ Un, so we focus on (n, . . . , n, n −
3, n, n, n). Of course we have to move the whole chain of elements that we
had before with it, and now we have to also move anything not in Un that
was originally covered by one of those by a move that increased one part by 2
(those that increased by just 1 are already included). The only such element
is (n, . . . , n, n−3, n−2, n, n), which we already moved down one level in the
previous paragraph, so we’re good to go.
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The levels of this drawing of the Hasse diagram now show that three
chains can use at most 3N − 10 elements of Tn, as desired.

4 Smaller cases and related questions

Some partial values of λ(Tn) for small n are shown in Table 1. Note that
λ1(Tn) − λ2(Tn) can be larger or smaller than 4 for small values of n.

n λ(Tn)
1 {1}
2 {2}
3 {4, 1}
4 {7, 3, 3, 1}
5 {11, 6, 6, ?}
6 {16, 12, ?}
7 {22, 18, 16, ?}

Table 1: Known values of λ(Tn).

There is no reason to believe that similar reasoning can’t be applied to
unions of more chains, the only obstacle is the difficulty in carrying out the
explicit constructive proof.

Conjecture 1. For large n, λi(Tn) − λi+1(Tn) depends only on i.

Also unknown is the size of the largest antichain in Tn. Clearly it is smaller
than Cn, and by Dilworth’s theorem it is at least Cn/λ1(Tn). Asymptotically,
this tells us that the size of the largest antichain is between Ω(n−7/24n) and
O(n−3/24n).
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